We propose a scheme to investigate the quantum phase transition of cold atoms in the bilayer hexagonal optical lattices. Using the quantum Monte Carlo method, we calculate the ground state phase diagrams which contain an antiferromagnet, a solid, a superfluid, a fully polarized state and a supersolid. We find there is a supersolid emerging in a proper parameter space, where the diagonal long range order coexists with off-diagonal long range order. We show that the bilayer optical lattices can be realized by coupling two monolayer optical lattices and give an experimental protocol to observe those novel phenomena in the real experiments.
Introduction.-In recent years, ultracold atoms in optical lattices have been widely used to simulate manybody phenomena in a highly controllable environment [1] [2] [3] [4] [5] [6] . By designing configuration of the atomic system, one can simulate effective theories of the forefront of condensed-matter physics. Recent researches show that graphene has fascinating effects and exhibits particularly rich quantum phases [7] [8] [9] [10] [11] [12] . Compared to the solid materials, cold atoms in optical lattices are much more controllable. Very recently, the realization of the tunable spin-dependent hexagonal lattices [13, 14] indicates that it can be used to investigate the quantum phases of many systems which have a hexagonal geometry [15] [16] [17] .
One of the goals of studying the cold atoms in optical lattice is to search for the novel states. Supersolid phase (SS) is an exotic state, where the diagonal and off-diagonal long range order coexist. Although this novel state still not be found in experiments [18] [19] [20] [21] [22] , its presence has been confirmed theoretically in lattice model, including bosonic [23] [24] [25] [26] [27] [28] [29] [30] [31] and spin systems [32] [33] [34] [35] [36] . As a powerful tool to tailor the quantum phases, it is reasonable to ask whether the SS phase can be realized in optical lattices. Comparing to the monolayer system, the bilayer one shows fascinating different properties. For example, the bilayer graphene has been used to investigate the spin phase transition and the canted antiferromagnetic phase of the ν = 0 quantum hall state [37] [38] [39] [40] . Can we design the tunable bilayer hexagonal optical lattices basing on the monolayer lattice to search for novel phases?
In this Letter, we propose a scheme to investigate the quantum phase transition of cold atoms in bilayer hexagonal optical lattices. As shown in Fig. 1 , the bilayer hexagonal optical lattices can be formed by coupling two monolayer hexagonal lattices with two vertical standing waves lasers, where one standing wave has the twice period of the other. The monolayer lattices can be set up by intersection of three laser waves at an angle of 120
• . Using stochastic series expansion (SSE) quantum Monte Carlo (QMC) method [41] , we calculate the ground state phase diagram of cold atoms in this bilayer optical lattices. Our results show that the SS can be realized by adjusting the lattice anisotropy and the ratio of the intrato inter-layer tunneling. We give a protocol of the observation of the quantum phase transition in real experiments.
FIG. 1. (Color online)
The upper plot shows the schematic diagram of the formation of the bilayer hexagonal optical lattices. The yellow and cyan planes denote the two monolayers of the hexagonal optical lattices which were formed by interacting of three standing wave lasers. The two big arrows show the two vertical standing waves used to couple the two monolayers. The blue line denotes the intra-plane exchange coupling tσ and the blue doublearrow denotes the inter-plane exchange coupling t ′ σ . The lower left plot shows the top view of monolayer optical lattices. In the lower right plot, the yellow uparrow and magenta downarrow denote the two relevant internal states of one atom. U ↑ and U ↓ correspond to the strength of the on site interaction energies for the two cold atoms that have the same states ↑ and ↓ respectively. U ↑ ↓ is the interaction strength for the two cold atoms that have the different states ↑ and ↓. The bilayer hexagonal optical lattices.-Considering cold bosonic atoms (such as 87 Rb) in an optical lattices, we assume that the atoms have two relevant internal states (|F = 1, m F = ±1 for 87 Rb) to participate in the dynamics, which are denoted by the two spin index σ =↑, ↓. The atoms are trapped with spin-dependent standing wave laser beams through polarization selection. The three dimensional hexagonal lattices can be set up by intersection of three coplanar laser beams under an angle of 120
• between each other in the x-y plane and two intersecting waves along the z direction. The total potential of the lattice is U (x, y, z)
, where θ 1 = π/3, θ 2 = 2π/3, θ 3 = 0 and k L = 2π/λ is the optical wave vector with λ = 830 nm. V σ is the barrier height of a single standing wave laser field in the x-y plane [42, 43] , V z1σ and V z2σ are the barrier heights along z axis, k L1 = 2π/λ 1 and k L2 = 2π/λ 2 with λ 1 = 765 nm and λ 2 = 1530 nm [3] . To form decoupled bilayer lattices, 4V z2σ > V z1σ is required and the ratio of interto intra-bilayer potential heights along vertical direction should be so large that the tunneling between two neighbor bilayers can be prevented.
Around each minima of the potential the harmonic approximation has been taken and the cold atoms in bilayer optical lattices can be described by a Bose-Hubbard model where α denotes the layer index 1, 2, a † iσ (a iσ ) is the creation (annihilation) operator of the bosonic atom at site i for spin σ, n iσ = a † iσ a iσ is the occupation number on site i. i, j runs over nearest neighbors. We will only focus on the regime of strong coupling, U σ , U ↑↓ ≫ t σ , t ′ σ , i.e., the mott insulator regime, where each lattice site is occupied by one atom.
The phase diagram of ground state.-We define the reduced interaction parameters as J ⊥ = 2t
In the following, we will take J ⊥ = 1 as energy unit and use the stochastic series expansion quantum Monte Carlo method to calculate the ground state phase diagram of Eq. (1). In our simulation, periodic boundary condition is imposed and the temperature is set inversely proportional to 2L with L = 8, 10, 12 and 16. The lowest temperature can reach to 0.03125, which is low enough to insure that we can investigate the ground state properties.
We focus on the low energy physics of the system where J ≪ 1 is required (in this Letter, 0.1 ≤ J ≤ 0.4). The four eigenstates of two atoms coupled by the inter-layer tunneling i.e., singlet state (|s = (| ↑↓ + | ↓↑ ), |t 1 = | ↑↑ , |t −1 = | ↓↓ ), are conveniently used to describe the ground state of the system. When there exist a weak effective Zeeman field, the triplets split into three and the lowest state (|t 1 ) keeps dropping with the effective Zeeman field increasing. It is clear that the contribution of |t 0 and |t −1 to the ground state is negligible. When the effective Zeeman field exceeds a critical value, (|t 1 ) take the place of |s to be the lowest energy level and the system will be a 2 ). For solid state, the usually static structure parameter S(Q) is not suitable for the honeycomb lattice and we define the structure parameter S A = 1/N 2 i,j (ǫ i ǫ j n i n j ), where ǫ i = +1 (−1) for i on sublattice A (B), n i represents the number of (|t 1 ) state on dimmer i. The antiferromagnet is characterized by the staggered magnetization
The ground state phase diagram of H in the J z − h plane with J = 0.3 is shown in Fig. 2 , where J z is the intra-layer anisotropy of interactions and h is the effective Zeeman field case. Order parameters ρ b , S A and m z vs the effective Zeeman field h for different J z are shown in Fig. 3 . When J z = 1, i.e., the isotropic case, the system is in the SF state, which is characterized by ρ b > 0 and S A = 0. In this state, the U(1) symmetry of the system is broken by the Bose-Einstein condensates of |t 1 . When J z > 1, without loss of generality, we select J z = 3.3, the evolution of the number densities and order parameters with the effective Zeeman field h increasing is shown in Fig. 4 . At lower effective Zeeman field, the only nonvan- ishing order parameter M s z shows that the system is in the antiferromagnet state. This state is the traditional Ising order and the system has the staggered up and down arrangement in both intra-and inter-layer. When the effective Zeeman field increased to a critical value, the staggered magnetization drops abruptly while the magnetization has the inverse behavior, this denotes the first order transition from AF to SF. Between 1.0 < J z < 3.0, with effective Zeeman field increasing, the system only experiences AF, SF and FP states.
As the anisotropy J z > 3.0, see Fig. 4 , with the effective Zeeman field increasing, the number density of |t 1 jumps abruptly to a finite value in the transition from AF to SF. Then, the triplet state |t 1 keeps increasing to half filled and the system is in a solid state which is made of staggered singlet state and triplet state |t 1 . This state is characterized by S A > 0 and ρ b = 0 and its obvious feature is the plateau in the m z curve. After the platform, n t1 keeps on increasing and the SF state reappear. In the intermediate region between SF and solid or between solid and SF, there appears a supersolid state which is characterized by both S A > 0 and ρ b > 0 in the thermodynamic limit. Finite size extrapolation results shown in Fig. 5 indicate that the SS is nonzero when L is extrapolated to infinite. It is obviously that the transitions of SF-SS, solid-SS, SS-solid and SF-FP are second order. When J z = 4.8, the SS state disappears, the transitions of AF-solid and solid-SF are first order.
In the following, we want to consider the ground state phase diagram in the ratio of intra-to inter-layer tunnel- ing versus effective Zeeman field case, i.e., J − h plane at fixed J z . The phase diagram with J z = 3.3 is shown in Fig. 6 . In the small J, the system only appears AF, SF, solid and FP. When J increases to nearly 0.15, two sharp regions of SS appear between SF and QS and they turn wider with J increasing and merger into one at J = 0.3, where QS phase disappears. Within 0.17 < J < 0.32 the SS state is stable in the thermodynamic limit and it vanishes and leaves SF phase only when J up to 0.35.
Experimental protocol.-The experimental protocol of cold atoms in the bilayer hexagonal optical lattices can be taken as follows:
87 Rb Bose-Einstein condensates can be created up to 10 6 atoms in the two states (| ↑ ≡ |F = 1, m F = 1 , | ↓ ≡ |F = 1, m F = −1 ). Here F denotes the total angular momentum and m F the magnetic quantum number of the state. To form the hexagonal lattices, three optical standing waves were aligned intersection under an angle of 120
• in the x-y plane. The laser beams can be produced by a Ti:sapphire laser operated at a wavelength λ = 830 nm (red detuned) [13, 14] . To form the bilayer structure, orthogonal to the x-y plane, two intersecting standing waves are settled. The light for the two standing waves can be created by a 1,530 nm fibre laser and a Ti:sapphire laser running at 765 nm [44] . For 87 Rb atom, the energy scale of the typical tunneling rate t σ / and t ′ σ / can be chosen from 0 to a few kH Z , the on-site interaction U σ / and U ↑↓ / can be a few kH Z at zero magnetic field or much more larger near the Feshbach resonance. We can easily choose t σ / , t ′ σ / , U σ / and U ↑↓ / to satisfy
, where the system is in the Mott insulating area.
To detect the magnetization m z and staggered magnetization m s z , a quantum polarization spectroscopy method can be used. In this method, a pulsed polarized light was sent to the atoms trapped in the lattice, after the light polarization coupled with the atomic spin, the atoms magnetization can be detected by the light polarization rotations [45, 46] . The superfluid density ρ b in a range 0 ∼ 0.25 could be obtained from spin-spin correlation which can be detected by the noise correlation method [47] [48] [49] . Spin structure factor S A in a range 0 ∼ 0.2 can be detected by the Bragg scattering. The spatial correlation function can be directly measured by using spatially correlated imaging light [50, 51] .
Conclusion.-In summary, we propose a scheme to investigate the quantum phase transition of cold atoms in the bilayer hexagonal optical lattices. This bilayer optical lattices can be realized by coupling two monolayer optical lattices with two intersecting standing waves. Our results show that the phase diagrams of this system contain an antiferromagnet, a solid, a superfluid, a fully polarized state and, especially, a supersolid. Thus, the cold atoms in bilayer hexagonal optical lattices are a practicable way to tailor quantum phases and could be used to search for the novel states in real experiments.
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